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Let k be any ﬁeld, G be a ﬁnite group.
Theorem. Assume that (i) G contains an abelian normal subgroup H so
that G/H is cyclic of order n, (ii) Z[ζn] is a unique factorization domain,
and (iii) ζe ∈ k where e is the exponent of G, i.e. e = lcm{ord(g): g ∈ G}.
If G → GL(V ) is any ﬁnite-dimensional linear representation of G over k,
then k(V )G is rational (= purely transcendental) over k.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let k be any ﬁeld and G be a ﬁnite group. Noether’s problem asks whether k(V )G is rational
(= purely transcendental) over k where G → GL(V ) is a faithful ﬁnite-dimensional linear representa-
tion of G over k. In particular, when the representation is the regular representation of G , we deﬁne
an action of G on the rational function ﬁeld K (xg : g ∈ G) by k-automorphisms where g · xh = xgh
for any g,h ∈ G . Denote by k(G) = k(xg : g ∈ G)G , the ﬁxed subﬁeld. Noether’s problem asks whether
k(G) is rational over k. Noether’s problem is related to the inverse Galois problem and the construc-
tion of generic Galois extensions. For a survey of it, see Swan’s expository paper [Sw].
First we recall some previous results.
Theorem 1.1 (Fischer, 1915). (See [Sw, Theorem 6.1].) Let k be a ﬁeld, and G be a ﬁnite abelian group with
exponent e. Assume that ζe ∈ k where ζe is a primitive eth root of unity. If G → GL(V ) is any ﬁnite-dimensional
linear representation of G over k, then k(V )G is rational over k.
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in general. It is H.W. Lenstra Jr. who ﬁnds a necessary and suﬃcient condition for k(G) to be rational
where G is a ﬁnite abelian group and k is any ﬁeld [Le]. Thus the next job is to study Noether’s
problem for meta-abelian groups. Two partial results due to Haeuslein and Hajja respectively are
known.
Theorem 1.2 (Haeuslein). (See [Ha].) Let k be a ﬁeld and G be a ﬁnite group. Assume that (i) G contains an
abelian normal subgroup H so that G/H is cyclic of prime order p, (ii) Z[ζp] is a unique factorization domain,
and (iii) ζpe ∈ k where e is the exponent of G. If G → GL(V ) is any ﬁnite-dimensional linear representation
of G over k, then k(V )G is rational over k.
Theorem 1.3 (Hajja). (See [Haj].) Let k be a ﬁeld and G be a ﬁnite group. Assume that (i) G contains an abelian
normal subgroup H so that G/H is cyclic of order n, (ii) Z[ζn] is a unique factorization domain, and (iii) k is
algebraically closed with chark = 0. If G → GL(V ) is any ﬁnite-dimensional linear representation of G over k,
then k(V )G is rational over k.
The assumption (iii) in both Theorems 1.2 and 1.3 is rather restricted and inconvenient when
we try to apply these theorems to other problems. However, these extra assumptions did arise in
the process of proving these two theorems in [Ha,Haj]. In view of Fischer’s Theorem, the “natural”
assumption would be that ζe ∈ k where e is the exponent of G . The following theorem shows that
this is indeed the case.
Theorem 1.4. Let k be a ﬁeld and G be a ﬁnite group. Assume that (i) G contains an abelian normal subgroup H
so that G/H is cyclic of order n, (ii) Z[ζn] is a unique factorization domain, and (iii) ζe ∈ k where e is the
exponent of G. If G → GL(V ) is any ﬁnite-dimensional linear representation of G over k, then k(V )G is rational
over k.
Note that those integers n for which Z[ζn] is a unique factorization domain are determined by
Masley and Montgomery.
Theorem 1.5 (Masley and Montgomery). (See [MM].) Z[ζn] is a unique factorization domain if and only if
1 n 22, or n = 24, 25, 26, 27, 28, 30, 32, 33, 34, 35, 36, 38, 40, 42, 45, 48, 50, 54, 60, 66, 70, 84, 90.
The assumption (ii) in Theorem 1.4 may be waived if G is a metacyclic p-group [Ka]. On the other
hand, let p and q be distinct odd prime numbers, and G = Zp  Zq be a non-abelian semi-direct
product of Zp with Zq . So far as we know, it is still an open question whether there exists some
pair (p,q) such that C(G) is not rational over C.
We should not try to generalize the assumption (i) in Theorem 1.4 to the case of any meta-abelian
group because of the following theorem of Saltman.
Theorem 1.6 (Saltman). (See [Sa,Sh].) For any prime number p, there is a meta-abelian p-group G with |G| =
p9 such that C(G) is not rational over C.
Saltman’s Theorem was generalized by Bogomolov to p-groups with order p6 [Bo]. But it is known
that k(G) is always rational if G is a p-group of order  p4 and ζe ∈ k where e is the exponent
of G [CK]. A recent result of [CHKP] settles the case of p-groups with order p5 for p = 2, i.e. k(G) is
rational if G is any group of order 32 and ζe ∈ k where e is the exponent of G .
The proof of Theorem 1.4 is independent of the proof of Theorems 1.2 and 1.3. The ingredients
of our proof consist of (i) a reﬁned working of Clifford theory (see Steps 3 and 4 in Section 3), and
(ii) an investigation of the multiplicative action, which was initiated in [Le, Section 2] and in [Haj],
and was studied in [Ka, Section 3] (see Theorem 2.2 of this paper).
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of Theorem 1.4 will be given in Section 3. Actually we prove a theorem under slightly weaker as-
sumptions than those in Theorem 1.4 (see Corollary 3.2).
Standing notations. Throughout this paper, k is a ﬁeld, and ζn denotes a primitive nth root of unity.
Whenever we write ζn ∈ k, it is understood that either chark = 0 or chark > 0 with chark  n. The ex-
ponent of a group G , exp(G), is deﬁned as exp(G) = lcm{ord(g): g ∈ G} where ord(g) is the order of
an element g ∈ G . If G is a group acting on ﬁelds L1 and L2, we say that L1 and L2 are G-isomorphic
if there is an isomorphism ϕ : L1 → L2 satisfying that ϕ(g · x) = g · ϕ(x) for any g ∈ G , any x ∈ L1.
2. Multiplicative actions
Throughout this section we will adopt the following notations: π = 〈τ 〉 is a cyclic group of order n,
Λ = Z[π ] = Z[T ]/〈Tn − 1〉 is the integral group ring, Φd(T ) ∈ Z[T ] is the dth cyclotomic polynomial,
k is any ﬁeld with ζn ∈ k, and M is a π -lattice, i.e. a ﬁnitely generated Λ-module which is Z-torsion
free.
If M is a π -lattice, by choosing a Z-basis x1, . . . , xm for M , we deﬁne the ﬁeld k(M) as the rational
function ﬁeld k(x1, . . . , xm). If M =⊕1 jm Z · x j and τ · x j =∑1im aijxi ∈ M , the multiplicative
action of π on the ﬁeld k(M) is deﬁned by τ · x j =∏1im xaiji ∈ k(M).
We will follow the construction in [Ka, Deﬁnition 3.1]. Let M be a π -lattice and let {d1 = n,
d2, . . . ,dr = 1} be the set of all positive divisors of n with d1 > d2 > · · · > dr . We deﬁne π -lattices
M(i) and M(i) inductively for 1  i  r. Deﬁne M(1) = M , M(i) = {v ∈ M(i): Φdi (τ ) · v = 0} and
M(i+1) = M(i)/M(i) . Note that each M(i) is a π -lattice annihilated by ∏i jr Φd j (τ ). In particular
M(r) is a π -lattice annihilated by Φdr (τ ) = τ − 1; we will write M(r) = M(r) also. Note that M(i) is
a Z-torsion free module over Λ/Φdi (τ ) ( Z[ζdi ]) for 1  i  r; it follows that M(i) is a projective
module over Z[ζdi ]. The main result of [Ka, Section 3] is the following theorem.
Theorem 2.1. (See [Ka, Theorem 3.6].) The ﬁeld k(M) is π -isomorphic to k(M(1) ⊕ M(2) ⊕ · · · ⊕ M(r)).
We will prove the following result which is crucial in the proof of Theorem 1.4.
Theorem 2.2. Let M ⊂ L be π -lattices. If L/M is a ﬁnite abelian group and Z[ζn] is a unique factorization
domain, then k(M) is π -isomorphic to k(L).
Proof. Since Z[ζn] is a unique factorization domain, it follows that Z[ζd] is also a unique factorization
domain for any d | n by checking the list in Theorem 1.5. Note M(i) and L(i) are projective modules
over Z[ζdi ]. Hence they are free modules over Z[ζdi ].
By Theorem 2.1, to show that k(M) and k(L) are π -isomorphic, it suﬃces to show that M(i) is
isomorphic to L(i) as Z[ζdi ]-modules for 1  i  r. Since M(i) and L(i) are free Z[ζdi ]-modules, it
remains to check the Z-ranks of M(i) and L(i) are the same.
By induction, it is easy to show that, for 1 i  r − 1, (i) M(i) = L(i) ∩ M(i) , (ii) M(i) is a sublattice
of L(i) with ﬁnite index, and (iii) M(i+1) → L(i+1) is injective. It follows that M(i) is a sublattice of L(i)
with ﬁnite index. Thus they have the same Z-ranks. 
3. Proof of Theorem 1.4
Recall a preliminary.
Theorem 3.1. (See [AHK, Theorem 3.1].) Let K be any ﬁeld, K (x) be the rational function ﬁeld of one variable
over K , and G be a group acting on K (x). Assume that, for any σ ∈ G, σ(K ) ⊂ K , and σ(x) = aσ ·x+bσ where
aσ ,bσ ∈ K and aσ 
= 0. Then K (x)G = KG or K G( f ) for some f ∈ K [x]. In fact, if there is some polynomial
g(x) ∈ K [x]G \ K , then K (x)G = KG( f (x)) for any f (x) ∈ K [x]G \ K satisfying deg f = min{deg g(x): g(x) ∈
K [x]G \ K }.
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G acts on V ∗ also where V ∗ is the dual space of V . If x1, x2, . . . , xm is a k-basis of V ∗ , then k(V ) =
k(x1, . . . , xm). We will prove that k(x1, . . . , xm)G is rational over k with the assumption (iii) being
replaced by the following assumption (iii)′
(iii)′ ζe′ ∈ k with e′ = lcm
{
ord(τ ), exp(H)
}
(3.1)
where τ is some element in G whose image in G/H generates G/H .
Note that (iii) implies (iii)′ and e′ depends on the choice of τ .
From now on, τ ∈ G is chosen so that G/H is generated by the image of τ and (iii)′ is satisﬁed.
Note that τn ∈ H .
Step 1. We consider the action of H on V ∗ . Since H is abelian and ζe′ ∈ k, the action of H on V ∗
can be diagonalized simultaneously. More precisely, for any character χ of H (i.e. χ : H → 〈ζe′ 〉 is a
group homomorphism), deﬁne
Wχ =
{
w ∈ V ∗: σ · w = χ(σ ) · w for any σ ∈ H}.
It is standard to verify that
V ∗ =
⊕
Wχ
where χ runs over characters of H .
Step 2. The cyclic group 〈τ 〉 acts on the set of all characters of H by τχ(σ ) := χ(τ−1στ) for any
character χ , any σ ∈ H . Moreover, τnχ = χ for any character χ .
For any character χ , note that τ (Wχ ) = W τχ . For, if w ∈ Wχ and σ ∈ H , then σ · (τ · w) =
τ · (τ−1στ) · w = τ (χ(τ−1στ) · w) = χ(τ−1στ) · (τ · w) =τ χ(σ ) · (τ · w).
Step 3. For each character χ , since τ
n
χ = χ , the stabilizer of χ is 〈τ d〉 for some d | n. Thus
{χ,τχ,τ 2χ, . . . ,τd−1χ} form an orbit.
If d 2, then Wχ 
= {0}, because τ (Wχ ) = W τχ . Note that τ d(Wχ ) = Wχ .
Since τ d(Wχ ) = Wχ and the actions of elements in H on Wχ are the scalar maps, it follows that
the action of 〈τ d, σ : σ ∈ H〉 on Wχ is “essentially” an abelian group action. Thus the action can be
diagonalized simultaneously. Explicitly, we can ﬁnd a k-basis x1, x2, . . . , xs of Wχ so that τ d · xi = aixi ,
σ · xi = bi(σ )xi for any 1 i  s, any σ ∈ H where ai,bi(σ ) ∈ k\{0}. Obviously bi(σ ) = χ(σ ).
It follows that {τ j · xi: 1 i  s, 0 j  d − 1} is a k-basis of Wχ ⊕ W τχ ⊕ W τ2χ ⊕ · · · ⊕ W τd−1χ .
Denote τ
j
xi by x(i, j).
Proceed the same construction for the subspace Wχ ′ where χ ′ belongs to other orbits. Finally we
get a k-basis {x(i, j): 1 i  r, 0 j  di −1} of V ∗ (note that di | n and di depends on i). The action
of G is given by
{
τ · x(i, j) = x(i, j + 1) if 0 j  di − 2,
τ · x(i,di − 1) = ai · x(i,0),
σ · x(i, j) = χi(τ− jστ j) · x(i, j)
(3.2)
where σ ∈ H and χi is some character of H . Note that d1 + d2 + · · · + dr = dim V ∗ = dim V .
By (3.2), τ di · x(i,0) = ai · x(i,0). If ord(τ ) = l, write l = di · d′i , then a
d′i
i = 1. Since l | e′ , it follows
that ai = ζ di ·l
′
e′ for some integer l
′ . Hence
ai = ηdii (3.3)
where ηi = ζ l′e′ ∈ k.
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y(i,0) = x(i,0), y(i, j) = x(i, j) · x(i, j − 1)−1
where 1 i  r and 1 j  di −1. Clearly k(V ) = k(y(i, j): 1 i  r, 0 j  di −1). The action of G
is given by, for 1 i  r,
τ : y(i,0) → y(i,1) · y(i,0),
y(i,1) → y(i,2) → · · · → y(i,di − 1) → ai
( ∏
1 jdi−1
y(i, j)
)−1
,
σ : y(i,0) → χi(σ ) · y(i,0), y(i, j) → Ψi
(
τ−( j−1)σ τ j−1
)
y(i, j)
where σ ∈ H , 1 j  di − 1, Ψi = τχ i · χ−1i is also a character of H .
Apply Theorem 3.1 successively for y(i,0) where 1  i  r. We ﬁnd that k(V )G = k(y(i, j): 1 
i  r, 0 j  di − 1)G = k(y(i, j): 1 i  r, 1 j  di − 1)G (Y1, Y2, . . . , Yr) where g · Yi = Yi for any
g ∈ G , any 1 i  r.
By (3.3) we ﬁnd that ai = ηdii . Deﬁne z(i, j) = y(i, j)η−1i for 1  i  r, 1  j  di − 1. It follows
that, for 1 i  r,
τ : z(i,1) → z(i,2) → · · · → z(i,di − 1) →
( ∏
1 jdi−1
z(i, j)
)−1
,
σ : z(i, j) → Ψi
(
τ−( j−1)σ τ j−1
)
z(i, j)
where σ ∈ H and 1 j  di − 1.
Step 5. Let L be the multiplicative subgroup generated by z(i, j) (where 1 i  r, 1 j  di − 1)
in k(z(i, j): 1  i  r, 1  j  di − 1)\{0}. Thus any element in L may be written as a “monomial”
zλ =∏i, j z(i, j)λi, j where λi, j ∈ Z. Let {σ1, . . . , σt} be a generating set of H . Consider the map
Φ : L → 〈ζe′ 〉t = 〈ζe′ 〉 × 〈ζe′ 〉 × · · · × 〈ζe′ 〉
zλ → (σ1(zλ)/zλ,σ2(zλ)/zλ, . . . , σt(zλ)/zλ).
Note that 〈ζe′ 〉t is a ﬁnite abelian group. Denote by π the cyclic group generated by τ . Deﬁne
M = ker(Φ). It is clear that both M and L are π -lattices. Moreover, k(y(i, j): 1  i  r, 0  j 
di − 1)H = k(z(i, j): 1 i  r, 1 j  di − 1)H = k(L)H = k(M).
It follows that k(z(i, j): 1  i  r, 1  j  di − 1)G = k(M)〈τ 〉 . By Theorem 2.2 k(M) is π -
isomorphic to k(L), i.e. ∃ a transcendence basis u(i, j) (where 1  i  r, 1  j  di − 1) of k(M)
over k so that, for 1 i  r,
τ :u(i,1) → u(i,2) → · · · → u(i,di − 1) →
( ∏
1 jdi−1
u(i, j)
)−1
.
Thus k(V )G = k(u(i, j): 1 i  r, 1 j  di − 1)〈τ 〉(Y1, Y2, . . . , Yr).
Step 6. Consider the action of π on the rational function ﬁeld k(v(i, j): 1 i  r, 0 j  di − 1)
deﬁned by, for 1 i  r,
τ : v(i,0) → v(i,1) → · · · → v(i,di − 1) → v(i,0).
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On the other hand, deﬁne
w(i,0) = v(i,0), w(i, j) = v(i, j) · v(i, j − 1)−1
where 1  i  r, 1  j  di − 1. Apply Theorem 3.1. We ﬁnd that k(v(i, j): 1  i  r, 0  j 
di − 1)〈τ 〉 = k(w(i, j): 1  i  r, 1  j  di − 1)〈τ 〉(w1,w2, . . . ,wr) where τ · wi = wi for 1  i  r.
Note that, for 1 i  r,
τ :w(i,1) → w(i,2) → · · · → w(i,di − 1) →
( ∏
1 jdi−1
w(i, j)
)−1
.
Hence k(V )G = k(u(i, j): 1  i  r, 1  j  di − 1)〈τ 〉(Y1, . . . , Yr)  k(w(i, j): 1  i  r, 1  j 
di − 1)〈τ 〉(w1, . . . ,wr) = k(v(i, j): 1 i  r, 0 j  di−1)〈τ 〉 is rational over k. 
Corollary 3.2. Let k be a ﬁeld and G be a ﬁnite group. Assume that (i) G contains an abelian normal sub-
group H so that G/H is cyclic of order n, (ii) Z[ζn] is a unique factorization domain, and (iii) ζe′ ∈ k where
e′ = lcm{ord(τ ),exp(H)} and τ is some element of G whose image generates G/H. If G → GL(V ) is any
ﬁnite-dimensional linear representation of G over k, then k(V )G is rational over k.
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